Effect of short-range impurities on low-temperature conductance and thermopower of 

quantum wires 
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The electron transport through the parabohc quantum wire placed in longitudinal magnetic field 
in the presence of the system of short-range impurities inside the wire is investigated. Using approach 
based on the zero-range potential theory we obtained an exact formula for the transmission coefficient 
of the electron through the wire that allows to calculate such the transport characteristics as the 
conductance and differential thermopower. The dependencies of conductance and thermopower on 
the chemical potential and magnetic field are investigated. The effect of elastic scattering due to 
short-range impurities on low-temperature conductance and thermopower is studied. It was shown 
that the character of the electron transport essentially depends on the position of the every scattering 
center. The presence even isolated impurity leads to destruction of conductance quantization. In 
some cases it is possible that thermopower can change the sign in dependence on chemical potential 
and magnetic field. 

PACS numbers: 73.23.Ad, 73.63.Nm, 73.50.Lw 



1. INTRODUCTION 

Electron transport in mesoscopic systems has many 
long years attracted attention, both theoretical and ex- 
perimental. There are many interesting phenomena in 
this area. The effect of conductance quantization has 
first observed in the narrow constriction that connect 
two large areas of two-dimensional electron gas (2DEG) 
in high-mobility GaAs-Al^jGai-xAs heterostructuresii^. 
The above discovery has stimulated a whole series of the- 
oretical works where the various models of confinment 
potential have been used: an infinitely long waveguide 
with constant cross section'^'-, saddle-point potential^'^ 
and other one^'^'^. All these papers based on Landauer- 
Biittiker transport approacbiSiii. 

The character of conductance quantization in quasi- 
one-dimensional (QID) systems depends on the geometry 
of the quantum wire, on its length and widtbi^. Applied 
magnetic field B plays the key role in a such system. 
A magnetic field enhances lateral confinement so that 
by varying B we can alter the effective geometrical size 
of the system, and hence the functional dependence of 
the conductance on the field B. In particular, by varying 
B one can change the parameters of the conductance 
quantization steps (length of the conductance plateau)!^.. 
The parameters of the conductance quantization depend 
sufficiently not only on magnitude of magnetic field but 
also on its direction"^. 

However, the conductance quantization is very sensi- 
tive to electron scattering. There are three principal type 
of scattering that can lead to destruction of the conduc- 
tance quantization: (i) scattering in the region of the 
contact of wire with electron reservoirsi^J^, (ii) electron 
scattering on rough walls of the wire^^ and (iii) impurity 
scattering inside the QID wire (see, for instance, RefilTI 
and references therein). Interference of electron waves 



due to every above-mentioned types of scattering leads 
to oscillatory dependence of conductance on Fermi en- 
ergy. 

Simultaneous consideration of every above-mentioned 
scattering factors is the sufficiently complicated problem. 
Therefore in the present paper, we shall focus our atten- 
tion only on the effect of impurity scattering. 

Note that all previous papers concerned consideration 
of the effects of the impurities on the electron transport 
in QID systems had some limitations: as a rule the num- 
ber of impurities was equal to unity. Both experimentally, 
and theoretical^iiSii^ study of the effect of impurity on 
quantized conductance of QID wire shows that even iso- 
lated impurity can lead to fundamental change of the 
conduction character. 

Large number of works were devoted to conductance of 
quantum wires in the case when an isolated short-range 
impurity contained inside the wirei^i^i. It was found 
that the main features of the conductance G are down- 
ward dips in the graph of G vs Fermi energy below the 
bottom of each transverse mode in the case of infinite rec- 
tilinear waveguide^i and a resonance peak below the first 
quantized step in the case of a saddle-point potential of 
quantum point contact (QPC) due to resonant transmis- 
sion through bound stat&i^. The effect of a finite-range 
scatterer was discussed in Refs. [20II22I . 

Besides conductance G, thermopower S is another 
transport property of QID systems in which quantiza- 
tion effect manifests. It was first shown theoretically by 
StredaSS that in narrow constriction the thermopower S 
exhibits oscillatory dependence as a function of Fermi en- 
ergy. It was shown that peak values of S are quantized, 
given by In 2/(i -I- 1/2) (in units fc^ /e) . These peaks occur 
when the Fermi energy /i is close to edge of ith transverse 
subband {i — 1,2, ...), that is the peak in thermopower 
corresponds to the quantized conductance threshold. 
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The above-mentioned quantum oscillations have been 
demonstrated in experimentSii2^i2£. Later theoretical 
studie o^^'^^1^^ confirm the results of Streda and moreover 
dependencies of thermopower on magnitude and direc- 
tion of applied magnetic field were studied^^. 

However we know only one paper where effect of impu- 
rity on low-temperature thermopower was investigated^. 
The existence of negative thermopower due to backscat- 
tering was shown. 

We present the theory of the quasi-ballistic electron 
transport in quantum wire for the case of any finite num- 
ber of scattering centers. The aim of present work is 
to study the effect of elastic scattering due to N short- 
range impurities on the such transport characteristics as 
conductance and thermopower of quantum wire. We in- 
clude in consideration only effects those deal with impu- 
rity scattering excluding other scattering types. 

The paper is organized as follows. In Sec. 2 we describe 
the model and Hamiltonian and find analytical formula 
for transmission amplitudes. In Sec. 3 we remind reader 
the formulas for the conductance and thermopower and 
show character features of impurity-assisted conductance 
and thermopower. Sec. 4 consists of brief summary. 



2. HAMILTONIAN AND TRANSMISSION 
COEFFICIENTS 

Now we consider the uniform quantum wire with con- 
stant cross-section in presence of homogeneous longitu- 
dinal magnetic field B = {0,0, B). Unperturbed one- 
electron spinless Hamiltonian in quantum wire given by 

Ho = -^(p--Ay + V{x,y), (1) 
Zm* \ c / 

where m* is the electron effective mass, A is the vector- 
potential of the field B, V{x,y) is the confinment po- 
tential in (x, y) - plane. In our model the confin- 
ment potential V{x,y) is symmetric parabolic potential 
V{x,y) = m*ujQ{x'^ + y^)/2, where loq is the characteris- 
tic frequency of the parabolic potential that determines 
the effective radius of the wire tq = \J hlm*^:^. It is con- 
venient to chose the vector-potential in symmetric gauge 
A = {-yB/2,xBl2,0). 

The spectrum of the Hamiltonian ^ with the sym- 
metric parabolic potential V{p) = m*uj^p^ (2 has the 
well-known form 



with 



21,2 



1) 



2m* ' 



(2) 



where = \J uj^^ Auq , lOc = |e|_B/m*c is the cyclotron 
frequency, m = 0, ±1, ±2, n = 0, 1, 2, k is the elec- 
tron wavevector in wire's axis direction. 

The corresponding wavefunctions in cylindrical coor- 
dinates r = {p, ip, z) are given by 



V'mnfc — Rmn{p) 



277 



(3) 



and 



|m|+l 







2l™l(n-h \m\)\ 



1/2 



where {x) are generalized Laguerre polynomials, Zq = 
■y/ft/m*r2. It is evident the normalization of the longi- 
tudinal part of the wavefunction ([3]) can be chosen in 
arbitrary form, because it is unimportant to find trans- 
mission coefficients. 

It is well-known that the Green function G(r, r'; E) can 
be represented for QID system in the following form 

G(r, r'; = ^ G,(z, z'; E - E^)i,^{x, 2/)^:(x', y'), 

a 

(4) 

where ^a{x,y) is the transverse part of QID wavefunc- 
tion, Ea is the bottom of transverse subband a, and 

G.(z,z';i^) = ^e^'=l-'l 

is the Green function of the operator = 
-{h'^/2m*)d^/dz^. 

In the case of our model above-mentioned representa- 
tion leads to the following form of Green's function of the 
unperturbed Hamiltonian ([1]), that is necessary to solve 
the present problem in some analogy with Ref)19l 



oo oo 



G{r,r';E) 



E 



277^2 ^ 

71—0 m— — OO 



{p)Rr,in{p') 



oikj-nnlz — z {-{-im^ip—ip ) 



(5) 



where hkmn = \/2m*{E - Emn)- 

Let us find the exact solution of Schrodinger equa- 
tion for the Hamiltonian H = Hq + U{r), where U{r) 
is the potential created by N short-range impurities. It 
is rightful to use the zero-range potential^ for modelling 
short-range impurities as long as the impurity range is 
shorter than all other relevant length scales in the prob- 
lem. Let us remind that above potential describes only 
spherically-symmetric s-scatterer and can be expressed 
as the boundary condition for the wavefunction^!. 

This approach allows to find exact solution of 
Schrodinger equation and therefore we can find the ex- 
act expressions for transmisssion coeflcients that in one's 
turn allows to find conductance and thermopower— (see 
Eqs.mi) and US])). 

The exact solution of Schrodinger equation with 
Hamiltonian H = Hq + U{r) can be found with the help 
of technique based on the theory of self-adjoint exten- 
sions of symmetric operators (see for instance Ref. [sl). 
Here we use only some consequences of above-mentioned 
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approach. The asymptotic of the wave-function in the 
vicinity of the each impurity point does not depend 
on any smooth potential"^^ (in our case it is the confin- 
mcnt potential) and has the form 



:^--)+0(|r-q,|), (6) 



where Cj is the some constant, aj is the scattering length 
for impurity that locates at the point . 

The zero-range potential theory allows us to represent 
the solution of Schrodinger equation with Hamiltonian H 
in terms of the Green's function G{qi, q^; E)'^^ 



N 



^(r) =^0(r)+^a,G(r,q,;i?), 



(7) 



Considering the asymptotic of the eigenfunction ([7]) 
near each point q, one can find the system equation for 



aj determination 



N 



J2 + ^A,) + ^°(q,) = 0, 1, N. (8) 

1=1 

where Aj is the parameter that characterizes the strength 
of the zero-range potential at the point q^ and that, with 
respect to the scattering length aj, is given by equation 
Aj = m* /2n'h?aj. Negative A corresponds to presence 
of the bound state for isolated impurity (whereas for the 
case > 1 bound states can exist for either sign of A). 
Large values of |A| correspond to weak impurity. The 
elements of so-called Krein's Q-matrix are given by 



Gicii,qj;E), 



lim 



i = J- 



The convergence of Qjj was demonstrated in Refi34l by 
means the integral representation. 

The asymptotic expansion for G(r, qj;iJ) at r ^ qj 
can be found only in some limiting cases. However the 
impurity scattering is more sufficient when the impurities 
are located in the vicinity of wire's axis^i. In this case we 
can use the following formula for Qjj {E) determination 



,{E) = lim [G(r, q,;E) - G(r, q,;Eo) 



+ C, (9) 



where Eq is the some fixed value of the energy, the con- 
stant C can be determined considering case when the 
asymptotic of Green's function is definite. It is con- 
veniently to put £^0 = 0. In this case C is given by 
C = im*/2V2TTn'^lQ)C{l/2; 1/2), where C( s;x) is the gen- 
eralized Riemann zeta function. 

The solution of system of equations ^ leads us to 
the eigenfunctions of the Hamiltonian H (with the same 
energy that for V^„fc) 

N 

^(r) = ^O(r) - J2 [Q(i?) +IA],r.V°(q,)G(r,q,;i?). 

2 J — 1 

(10) 



Here T is the unitary matrix N x N , A = (Ai, Ajv)^ 
('T' denotes the transposed vector), A^^ is the inverse 
matrix for A. 

It is evident that far from impurities {z ~f oo) the 
following expansion is right 



ni'n' 



„,V^,„,,,(r), (11) 



where t,nn ,n'n' is the transmission amplitude from inci- 
dent mode mn to transmitted mode m'n' [k' — fcm'n')j 
and the summation in Ea. (|lip is over all transmitted 
modes {E > for real fc„i„) because the modes which 

correspond to imaginary fc„m rapidly decay on large z. 
From Eqs. ljlOllip we find for the transmission amplitude 



N 



X E (C'„'fc'(q.))*[Q(^^)+IA]r.V^„fe(q,)(12) 



It is conveniently to write Eq. (ll2p in the matrix form 



^PiF^2, (13) 



where Vi = (V'm'„'fc' (Oi), V-wfe' (qjv)), J' is 
the inverse matrix for [Q{E) + TA], and ?/'2 = 

(V'™„fe(qi),--,i/'™„fe(qAr))^. 

The first term in Eq. corresponds to ballistic trans- 
mission of electrons through the wire'^ when the inter- 
subband transitions are forbidden. The second term cor- 
responds to mode-mixing due to impurity scattering. 



3. CONDUCTANCE AND THERMOPOWER 

Accordingly to Landauer-Biittiker approach the two- 
probe Landauer conductance G is given b y^°i^^ 



G = ^^(-i)E^"^-(^)' (14) 



T^fi Jo V dE 



where f{e) = [e'^'^"''^/^ + is the Fermi distribution 
function, fi is the chemical potential. 

For the case of thermoelectric transport the differential 
thermopower S is given by the formula^ 

^_k Jo^dE(-§l) {^)E.^.T^ME) 
S — — ■ — ^ . (15) 



Io°"dEi^-§l)j:^^^,T^,^,{E) 



The transmission coefficients which corresponds to the 
electron transition from transverse sub-band a to sub- 
band a' are 



OlOl' , I ^OlOl' I 



(16) 
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For the case of comparatively low temperatures (T < 
5K) the so-called Mott formula is a good approximation 
for thermopower— 

kg TT^T a In G(/i,T) 



(17) 



For the case of the ultra-low temperatures (T < IK) 
there are more rough approximation. In this case Eq. (jl7|) 
include G{ii,T = 0). One can use this approximation 
in order to analyze impurity-assisted features in ther- 
mopower because they have a place at ultra-low tem- 
peratures. This approximation allows to analyze the low- 
temperature thermopower except the points in vicinity of 
conductance threshold where the zero-temperature con- 
ductance has the breakdown of the derivative on chemical 
potential. 

Combining the Eqs.(fT6 l) . (fT4|) and p2|) we can calcu- 
late the quasi-ballistic conductance of quantum wire. Let 
us consider numerically the case of N impurities. From 
now on we use for electron effective mass m* = 0.067me. 
On the Fig.l the conductance of quantum wire that con- 
tains N impurities {N — 1,2,3) is plotted. The various 
curves plotted for various quantity, strength and spatial 
distribution of impurities. One can see from Fig.l that 
conductance crucially depend on the position of every 
scattering center, its quantity and strength. 



FIG. 1: Zero-temperature conductance as a function of Fermi 
energy plotted for various number, strength and spatial dis- 
tribution of impurities. Dashed lines correspond to ballistic 
conductance of the perfect wire without impurities, ujo — 



B = IT. 



The analysis shows that G equals n(e^/7rfi) whenever 
the Fermi level is at the band bottom of the (n -I- l)th 
subband, irrespective of the strength and location of the 
scatterers. And there is the zero of upper-mode transmis- 
sion coefficient when the Fermi energy tends to (i?mn + 0) 
for any strength of the scatterers. For the purpose of 
comparison, the perfect-wire results are also plotted near 
all lines and they are indicated by dashed lines. 

Taking into account that all character features of 
impurity-assisted thermopower appear at ultra-low tem- 
perature we can use the Cutler-Mott type formula 
(where zero-temperature conductance) everywhere ex- 
cept for the thresholds of conductance quantization 
where conductance-derivative undergoes the breakdown. 

FIG. 2; Low-temperature thermopower as a function of Fermi 
energy plotted for various number, strength and spatial distri- 
bution of impurities. Dashed lines correspond to thermopower 
of the perfect wire without impurities. All parameters are the 
same as in Fig. [1] 

One can see from Fig. 2 that thermopower S as the 
conductance G crucially depends on the position of every 
scattering center, its quantity and strength. 

One can see that there is negative S at ji that corre- 
sponds negative tilt of the curve G{ii). 



It is well-known that even single impurity influences 
hardly on the carrier transport through one-dimensional 
system and it can even lead to destruction of conductance 
quantization. For the case of single impurity the Krein's 
Q-matrix is the scalar function and therefore we can find 
the exact formula for conductance at temperature T = 



G{^i,T = {)) 

Gq 



AA(/i) 



WQ(a^) 
|Q(a^) + a|^ 



(18) 



Here Af{fi) is the number of transverse-quantization sub- 
band under the Fermi energy and Gq = e^/irh is the 
conductance quantum. In Eq. ([T8|) A/'(/i) describes the 
step-like dependence of ballistic conductance at T = 0. 

For the case of one impurity we have downward dips 
near the thresholds in the graph of G vs Fermi energy (see 
Fig.l) (if bound state center exist, A < 0). In opposite 
case (A > 0) the dependence G{fi) is monotonic but it is 
not step-like. 

The energies for which lmQ{fi) = corresponds full 
transmission. And case when ReQ(/i) + A = corre- 
sponds to the conductance minima G/Gq — A/'(/i) — 1. 

The solution of above equation ReQ{Eo) + A cor- 
responds to a first approximation for energy of quasi- 
bound-state E — iV on the complex energy plain, where 
r determines width of the quasi-bound level. 

For the case of several impurities {N > 1) there are 
the strong dependence of transmission coefficients on the 
distance between each pair of impurity centers jq^ — qj| 
= 1, N). Thus we have the strong dependence of 
G and S on position of each impurity . 



4. SUMMARY 

We present the exact solution for the problem of the 
transmission of charge-carrier through the quantum wire 
that contain the system of short-range impurities. Ac- 
cordingly the Landauer-^Biittiker approach conductance 
and thermopower of above system are investigated. It is 
obviously that in general, conductance G is lowered due 
to impurity scattering. The interference phenomena in 
transmission and existence of the negative thermopower 
were shown. 

Note that in the case of two impurities the distance 
|qi — q2| is equal to wire's length one can speak about 
modelling of the weak scattering in the region of wire- 
reservoir contacts. 

Let us note that for the case constriction model there 
are not limitation on the electron spectrum from the 
bottom— in constraint to the case of uniform wire. That 
is why the level of bound state on the impurity is in con- 
tinuous spectrum and it is possible the resonant trans- 
mission. 

Note that s-scattering can not explain all features of 
the scattering in QID systems, but on the whole this one 
is in good qualitative agreement with experimental data. 
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